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INTRODUCTION :

This paper is committed to the find out of several fixed point theorems in Banach spaces. In
section 1.1, we have proved various fixed point theorems on concurrence points of certain complex
involutions in Banach spaces employing Lipschitzian involution [16], S. Sessa [17] and Khan & Imdad
[13] contractive conditions which seem to be a contribution to the existing results and which in turn
generaize and unify several other results.

Preliminaries:
Let R+ be the set of all non-negative reals and H; be the family of all functions from Ri+ to R, for
each positive integer i, which are upper semi continuous and non decreasing in each coordinate variable.

Now, the subsequent definitions are borrowed by numerous authors the weak-commutativity
condition introduced by Sessa [17] in metric space, which can be described in normed linear space stated
as
Key words:- complex involution.concurrence pointsweak commutativity

Fixed point theorems of composite involutionsin banach spaces:

In this Section, we have obtained some fixed point theorems on coincidence points of certain
composite involutions with some new contractive type conditions, which are extenson and
generalizations of Goebal and Zlotkiewicz [4], Khan-Imdad [13], Iseki [11].

Motivated from the contractive conditions given by Pachpatte [15]. We prove the following result
by using this lemma.

Let x be an arbitarary point in K and A:%CI'+ |), Define y=Ax, z=Tyand m=2y-z, we

shall make repeated use of the following equivalent values. Where K stands for closed and convex subset
of aBanach space X and T : K — K . Therefore we state the lemma.
Lemma:
ly =T =[x=y|=1/2}x-T¥
and  [x—Tx|=2|Ax-x],|y-Ty|=2|A°x- A
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Now we prove the following result.
Theorem :
Let F,G,Sand T be self mappings of a Banach space X satisfying
i) The pair (ST, FG) commute
(i) The pair (ST) and (F,G) are composite involution
3
iy | STx—STy[’ < h(|FGx - FGy|.|FGx~ STX|.|FGy - STy| )
...(1.1)
for every x,ye X, where 0 < h <2, then FG and ST have a coincidence point X, i.e., FGxg = STxo.

Moreover, if h < 1 and the pars (ST), (ST,F), (ST,G), (F,G), (FG,S and (FG,T) commute at the
foregoing fixed point Xo, then xo aso remains the unique common fixed point of ST,F and G.

Proof : From (i) and (ii) it follows that (STFG)? = I. Now using (1.1), we have,
|STFG Fx~ STFG Fy| < h**(|(FG)? Fx~ (FG)? Fy| .|(FG)? Fx~ (STFG)Fx|.

[(FG)?Fy-(STFG)FY|

if weset Fx = zand Fy = w, then we get
|STFG z- STFG W| < h"*(|z— W 2~ (STFG)djw~ (STFG)w |

Since the map STFG is an involution, therefore, we define w = Az, d =(STFG)w and p = 2w-d
and note the values given in Lemmal.1.1.
Now consider
[d - z|| = |[(STFG )w - (STFG )*¢||

h*(jw - (STFG )z| w - (STFG )w].|(STFG )z - (STFG )2z||)"

IN

IN

h*(|jw - (STFG )z|.|w - (STFG )w]|.|[(STFG )z - z|)'"*

IA

1/3
h“s(%”z—(STFG yz|l.|w - (STFG )w].|z - (STFG )z||j

(12)
Similarly, by Lemma1.1.1,
In - z| = |l2w - d - z||= [(STFG )z - (STFG )w]|
< b (2= w2 - (STFG )z.|w - (STFG )w] )"
< (L2]z - (STFG )2z - (STFG )z fw - (STFG )w| )"
.(13)

Thus, by using inequality (1.9) and (1.10), we get
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o = mf=1]d -2+ ]z~ m]

< 20 L]z~ (5176 2] Jz - (STFG )2l - (STFG Ju]]
But
[d —m|=2|w-(STFG)w,
so that above inequality yields
- (517G Jwls 1Lz (STF6 )al.Jz - (STFG el - (STFG Ju]]
Thisimplies that
[w—(STFG)W < (h/ 2)*|z— (STFG)Z

Making use of Lemma1.4.1, gives

|A*z— AZ| < (h12)"*|Az— 7

Consequently, proceeding inductively, we obtain
|A™z— A"z < (h12)"*| Az 7

Since h < 2, it follows that \

—0as Nn—o0. Thus {A”X} is a Cauchy sequence and

An+lz _ Anz‘
converges, to some point Xg is X. We obtains, therefore Axy = X and so (STFG) Xo = Xo.

So (STFG) has at least one fixed point say X in X i.e., (STFG) Xo = Xo. Now using (ST)? = I, we get
FGxo = STx i.e. isacoincidence point of ST and FG.
Now

ST =% =[STx, - ST(FGx)|
< h"3([|FGx, — FG(STx,)|| | FGX, — ST, | {FG(STx,) - ST(STx,)| )}
< h3(||STx, — x,|-0.0)"
=0
yielding thereby STX, — X,=0, or STX, = X, i.e,, X, isafixed point of ST and hence of FG.

To prove the uniqueness of common fixed point X, let yo be another fixed point of ST and FG,
then
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% = Yol = [STx = STy,

< h*3(|FGx, — FGy, | |FGX, — ST, | [FGy, — STy, | )

< h1’3(Hx0 - yOH.O.O )1/3

=0
which impliesthat X, = yo. i.€., Xp iS a unique common fixed point ST and FG.
Now using the commutativity of the pairs (F,G), (ST), (FG,S), (FG,T), (ST,F), (ST,F) and (ST,G)
at Xp one can write.

S0 = S(TSX0) = ST (SX0), Fxo = F (GFxg) = FG (Fxo),

Txo = T (TSXo) = ST = ST (Txq), GXo = G (GFxo) = FG (Gxo),
S = S(FGx0) = FG (SX), FXxo = F (STxo) = ST (FX0),

Txo =T (FGXo) = FG (Txg), GXo = G (STxo) = ST (Gxo),

which show that Fxo, Gxo, SXp and Txp is a common fixed point of the pair (ST,FG) which due to
unigueness of the common fixed point of the pair (ST,FG) get us.

Xo = X0 =TXo = Fxo = GXo
This compl etes the proof.

As the consequences of our Theorem 1.1.2, we get the following result by putting FG=1 and S=1.

Corallary :
Let T be self mappings of a Banach space X satisfying
iy T=1I

o [Ty < - vl x-Tely-T0)

for every x,ye X, where 0 < h <2, then T has at |east one fixed point.
By unifying severa well known contractive conditions in fixed point theory, Delbosco [2] defined a g -
contraction asfollows

d(Tx,Ty) < g(d(x, y),d(x,Tx),d(y,Ty))

where g: Rf — R_ isacontinuous function having the properties.

()g(1,11)=h<1land
(i) for uyv > Osuchthat u < g(u,v,v) or u<g(v,u,v)oru<g(v,v,u)
then u<hv.
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However, we shall assume function g to have somewhat different properties from that defined by
Delbosco [2]

Let d betheset al rea valued contributions function of

g: R’ - R satisfiesthe condition

Nog(111)=h<2

(ii) if u, v > O are such that either u < g(V,2v,u) or u < g(v,u,2v)or u < g(u,2v,v), them u < hv
Now, we prove the following theorem,

Theorem:
Let F, G, Sand T be self mappings of a Banach space X satisfying.

(i) The pair (ST,FG) commute,
(ii) The pairs (S T) and (F, G) are composite involutions,
(iii) [ STx - STY| < g(|FGx - FGyj, [FGx~ STx|, |[FGy - STy )
...(1.4)
foral X,y e X,g ed, then FG and ST have a coincidence point X, i.e. FGXg = STxo, Moreover if the

pairs (ST), (ST, F), (ST, G), (F, G), (FG, S and (FG, T) commute at the foregoing fixed point xo, then Xg
also remains the unique common fixed point of S T, F and G.

Proof : From (i) and (ii) it follows that (STFG)? = I. Now using (1.11), we have
|STFG Fx - STFG  Fy||< g([(FG )?Fx - (FG )?Fy|. [(FG )?Fx - (STFG )Fx|,

[(FG )2 Fy - (sTFG )Fy||)
If we set Fx =z and Fy = w, then we get
|STFG z— STFGW| < g([(z— W, |(z— STFG 7, |(w— STFGW| ) .....(L5)

Since the map STFG is an involution, therefore, we definew = Az, d = (STFG)w and m = 2w—d and
note the values givenin Lemma 1.4.1.

Now consider
[d - 2| =|(STFG)w-(STFG)* 7

< g(|w- (STFG)Z, |w- (STFG)W|,|(STFG)z - (STFG)* )
< g(lw~ (STFG)Z, |w~ (STFG)w|, |(STFG)z~ Z)

< g(%”z— (STFG)Z, |w~— (STFG)W, |z (SI'FG)ZH) e

Volume-22, No. 05, 2023 64



Bhairavi ISSN No. 0975-5217

i i (UGC-CARE Listed Group-l)

by Lemmal.4.1

Agan

[m = z||=]2w - d - z||= [[(STFG )z - (STFG )w||
< g(||z - w|, |z~ (STFG )z||w - (STFG )W||)
sg(%ﬂz—(SFG yz|[ |z - (STFG )z, |w - (STFG )WM +(1.7)

But
o —mf<fd - zf+[z-m]

And so, using inequalities (1.6) and (1.7) we get

- < 29(;—||z—(erG yz| Iz - (STFG ) z|.|w - (STFG )w||j

Since Hd - mH = ZHW— (SI'FG)WH , S0 that above inequality gives

Iw- (STFG)w< g(%”z _(STFG) 2. |z (STFG)2), |w~ (erG)Wﬂj

so that
[w— (STFG)W|< h/ 2|z— (STFG)Z|
Thus from Lemma (1.4.1), we obtain

|A2z— Az|<h/2|Az- 7
Thus, Inductively we obtain
A"z- A'Z < (h/2)"|Az- 7
Az-A'z

converges, to some point Xg is X. We obtains, therefore Axy = X and so (STFG) Xo = Xo.
So (STFG) has at least one fixed point say xo in X i.e., (STFG) %o = Xo. Now using (ST)? = I, we get FGxo
= STxg i.e. isacoincidence point of ST and FG. Now

|ST%, = X%, = |STx, = ST(FGx,)|
< g(|FGx, - FG(ST,)|,[FGX, — ST, |, [FG(STx,) - ST (STx,)))
<g(/ST% —%|,0,0)

<hl[ST% — )
yielding thereby ST X, - X, =0, or ST X, = X, i.e., X, isafixed point of ST and hence of FG.

Since h < 2, it follows that —>0as Nn— . Thus {A”X} is a Cauchy sequence and
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To prove the uniqueness of common fixed point X, , let yo be another fixed point of ST and FG,

then
% = Yol = |STx, — STy,

< g(|FGx, — FGy,|,|FGX, — STx,|[FGy, — STy,)
<g(/% - v,/-0,0)

<h(jx, - yo)

giving thereby xo — Yo = 0 i.e. X is a unique common fixed point of ST and FG.

Now using the commutativity of the pairs (F,G), (ST), (FG,S), (FG,T), (ST,F), (ST,F) and (ST,G)
at Xp one can write.
o = S(TSX0) = ST (SXo), FXo = F (GFxo) = FG (FXo),
Txo = T (TSX) = ST = ST (Txo), GXo = G (GFX0) = FG (GX),
o = S(FGX) = FG (S), FXo = F (STXo) = ST (Fxo),
Txo =T (FGxo) = FG (Txo), Gxo = G (STXg) = ST (Gxo),

which show that Fxo, Gxo, SX and Txo is a common fixed point of the pair (ST,FG) which due to
uniqueness of the common fixed point of the pair (ST,FG) get us.
Xo = Xo = Txo = FXo = GXo
This compl etes the proof.
After putting FG =1 and S= I, in Theorem 1.1.4, we get the following result.

Corallary :
Let T be self mappings of a Banach space X satisfying

(T*=1,
(i) [x=Ty] < g([x~ vl =T, [y =Ty])
for every X,y € X where ¢ ed, then T has at least one fixed point

Remark :

The foregoing Theorem 1.1.4 can be conveniently used to corollarize the theorem of Iseki (seg[*])
if we choose g(a,b,c) = (& /2+ b) max{2a,b,c} foral a,b,c>0.

Now, in our next theorem we generlized the contractive condition given by Imdad and Khan [13].
Theorem :
Let F,G,Sand T be self mappings of a Banach space X satisfying

(i) The pair (ST,FG) commute,
(ii) The pairs (ST) and (F,G) are composite involutions,
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Gy |STx— STy ngax(HFGx— Gy, L Fex- ST, Z|Fey- sty

1 1
2IFox- syl ey - s7x e

for every X,y € X where 0 < h < 4, then FG and ST have a coincidence point X,i.e., FGx, = STX,.
Moreover if the pairs (S,T), (ST,G) (ST,F), (F,G),(FG,S) and (FG,T) commute at the
foregoing fixed point Xo, then xo aso remains the unique common fixed point of ST, F and G.

Proof : From (i) and (ii) it follows that (STFG)? = I. Now using (1.8), we have

|STFGFx~ STFGFy| < 2 max(H(FG)Z Fx—(FG)? FyH,%H(FG)Z Fx—(STFG)FX|,
%H(FG)Z Fy—(STFG) FyH,%H(FG)Z Fx—(STFG)y],

%H(FG)z Fy - (SI'FG)FyH)
If we set Fx = zand Fy = w, then we get

||STFGz—STFGW||sgmax(”z—vxﬂ,%”z—(STFG)z”,%”w—(STFG)wﬂ,
1 1
E||z_(srchs)w1|,§||w_(erc;)z”j.

Since the map STFG is an involution and 0 < h < 4, therefore by Theorem 2.1 (due to Khand and Imdad

[13]), STFG has at |east one fixed point say Xo in X i.e., STFG x¢= Xo. Now using (ST)? = |, we get FGxo =
STXg 1.e. X isacoincidence point of ST and FG. Now

ST = %] =[STx; = ST(FGx,)|

< gmax(FGxo — FG(STx,)

[FGx, — STX,

[FG(STx,) — ST(STx,)

1 1
2 2

1 1
JIFGK, ~ ST(ST)|, 5 FO(ST,) - ST

h
<Dsre, %)

yielding thereby STX, — X, =0, or STX, = X, i.€. X, isafixed point of ST and hence of FG.
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To prove the uniqueness of common fixed point Xo. Let yo be another fixed point of ST and FG, Then
%= Yol =[[ST% — STy,

h 1 1

< Emap{upexo PGy, 2IFGx, - ST Gy, - STy
1 1
21FGx, - STy, 5 Gy, - ST

h
<D vl

giving thereby X, — Yy, =00r X, =Y, i€ X, isaunique common fixed point of ST and FG.

Now using the commutativity of the pairs (F,G), (ST), (FG,9), (FG,T), (ST,F) and (ST,G) at xo one can
write.

S = S(TSX) = ST (), Fxo = F (GFx0) = FG (Fxo),

Txo =T (TSX) = ST = ST (Txo), GXo = G (GFx0) = FG (Gxo),

o = S(FGxo) = FG (SX0), Fxo = F (STxg) = ST (Fx0),

Txo =T (FGxo) = FG (TXo), GXo = G (STxo) = ST (GXo),

which show that Fxo, Gxo, SX and Txo is a common fixed point of the pair (ST,FG) which due to
uniqueness of the common fixed point of the pair (ST,FG) get us.

Xo = SXo = Txo = FXo = GXo
This compl etes the proof.

If wetake FG =1and S=1in Theorem 1.1.7, we get the following result of Khan and Imdad [13].
Corollary :
Let T be self mappings of a Banach space X satisfying

HT?=1
) [Tx=Ty| < 3 e el k=T, 21yl Slx-Tol 21y

for every X,y € X where 0< h< 4, then T has at |least one fixed point.

Remark :
Theorem 1.1.7, remainstrue if we replace condition 1.8) as follows

HSI'X— SI'yH < hHFGX— FGyH for every X,y € X ,where 0<h< 2
We furnish an example to demonstrate the validity of the Remark 1.1.9

Volume-22, No. 05, 2023 68



Bhairavi ISSN No. 0975-5217

i i (UGC-CARE Listed Group-l)

Example:
Let R be the set of reals equipped with usua norm. Define ST,F,G:R— Ras

—-x iIf x>0 3 if x>0

—x/3if x<0' x if x<O

—x if x>0 4x if x>0
Fx= . Gx=

—x/4if x<0 X if x<0
So that

-3x if x>0 —4x if x>0
STx= and FGx=

—x/3if x<0 —x/4if x<0

Note that (ST)? = (FG)* = |
Now we distinguish following cases:

(@ For x>0,y >0 wehave

7 14 14
|STx— STy =3x - i < 2 (@x - yl) =" (4x— i) = [Fox- FGy]
(b) For X< 0,y < 0 we can write
1 7 14
|STx - STy| :é\x— yl SE X—Y| ZEHFGX_ FGy|

(c) Next, for x>0 and y < O we write a sequence of implications in the following way:

192 48 5
<O0<XDYy<| /XD Vy<| —|4x=> | — |y < 4X
y y (5) y (5) (48jy

7 1 1 7 14 y
—y-= TX—-3X= 3X—= IX——Yy=—4X—=
= 6y 3y< = 3y< 16 Y 8 4‘
Which implies that
HSTX— STyH = 3X—% < % 4X—%‘ = %HFGX— FGyH Thus all the conditions of Remark 1.1.9 are

14
satisfied if we choose h = E . Here x = 0 isthe only coincidence point of ST and FG.

However 0 also remains the unique common fixed point of F,G,Sand T.
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